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Robertson-Walker Metric:
differential space-time distance



Flat vs. Curved Spaces: 2D Analogies

.& @ Euclid (300 BC)

Sum of angles Circumference
= 180° =21 r
Non-Euclid

Circumference
> 2nr
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Differential Distance in a Positively Curved 2D Space

Z
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e On a positively curved 2D surface, the natural polar coordinates are
(D, ¢). In these coordinates, the distance between P1 and P2 is:
dl* = dD? + [R sin(D/R)d¢)?

e To simplify the second term, recast to a new polar radial coordinate:
r = Rsin(D/R) so that

1
D = R arcsin(r/R) and dD = dr
V1 — r2/R?

o After the substitution:

e dr?

=T T




On a positively curved 2D surface, the natural polar coordinates are
(D, ¢). In these coordinates, the distance between P1 and P2 is:

dl* = dD? + [R sin(D/R)d¢)?

To simplify the second term, recast to a new polar radial coordinate:
r = Rsi(D/R) so that

1
D = Rarcsin(r/R) and dD = dr
V1 — r2/R?
After the substitution:
e 24>
= r
1 — r2/R?

On a negatively curved 2D surface, the distance between P1 and P2:

dlI* = dD? — R?sin®(D/\/ —R?)d¢?* = dD? + R? sinh*(D/R)d¢*
To simplify the second term, recast to a new polar radial coordinate:
r = Rsinh(D/R) so that

D = Rsinh™'(#/R) and dD = : dr
\/ 14 r2/R?
After the substitution:
2 dr* 2 142
dl- = + redq¢

1+ 7r2/R2



Differential Distance in a Flat & Curved 3D Spaces: Spherical Coordinates

Z
Flat 3D Space L
(dD)? = (dr)*> + (rd0)* + (r sin Od¢)? ®23z--~
(r,0,9) (r+dr,0+d0, p+d o)
Flat 2D Space i
(dD)? = (dr)* + (rd6)* / i bam
|
Curved 2D Space /Y :
dr’ g
dl)? = + (rd0)? de/ '
(dl) 1 — kr2/R(¥)? (rd€) 0 / // : |
/Iy :
/ |
Curved 3D Space !/ E |
dr '/ , |
dl)* = + (rd@)* + (r sin d | |
(dl) (1 — 1<r2/R(t)2) (rd0)” + (r sin Od¢) | :
~~“~ : + y
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zero(flat), negative curvatures
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on the largest cosmic scales, the

Universe is both homogeneous and isotropic

* Although galaxies tend to clump,

there is no preferred location in the Universe

* Homogeneous
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* [sotropic: there is no preferred direction in the Universe




Differential Distance in a Uniformly Expanding, Curved, 3D Space

Distance in Curved 3D Space:
2

@Y = (— )+ (rd0)? + (r sin 0y’
1 — kr2/R(t)?

* For uniform expansion, define a time-dependent scale factor for the entire
universe: Ry(t) or a(t) is the scale factor at time t

* Then define comoving coordinates that are time-independent:
* x is the comoving radial distance, x = r(¥)/a(?),

* R is the comoving radius of the curvature: R = R(¢)/a(?)

K

. kis the comoving curvature, k = ek

where k = + 1,0, — 1 for positive, flat, and negative curvatures

* Plugging these to the distance equation at the top, we obtain the differential
distance in a uniformly expanding, (2:urved 3D space:

(dl)? = RU(t)2< 4 (xdf)? + (xsin qu§)2>

1 — kx



Robertson-Walker Metric: Differential Space-Time Distance

* In General Relativity, a metric is a function which measures differential
space-time distance between two events:

(ds)? = (c - db)? — (d])?

* The Robertson-Walker metric is the metric that describes the geometry
of a homogeneous, isotropic, expanding universe. The metric in
spherical coordinate system is:

(ds)? = (c - d)* — R*(?) 2+ (xdB)? + (x sin Odg)?
U

dx )
V1 — kx2
where

Ry is the scale factor, defined to be 1 at present day, and <1 in the past

x is the comoving radial distance, xKE r(H)/ Ry (1),

k is the comoving curvature, k = ﬁ ,where x = + 1,0, — 1 for positive,

flat, and negative curvatures

R is the comoving radius of the curvature.



Robertson-Walker Metric: Differential Space-Time Distance

* integral space-time distance

as= [

A

 Timelike
« (As)* >0

* events could be causally
connected

* e.g., proper time measured
by a clock moving in a
spaceship.

* Spacelike
¢ (As)* < 0

* events cannot be causally
connected

* e.g., proper distance
between two locations
measured simultaneously

» Lightlike: (As)? =0

E, = (ct,,x,,0,0)

ct

Future

P E, =(ct,,x,,0,0)
worldline

<light-like region

spacelike region(elsewhere)
X

spacelike region (elsewhe




Robertson-Walker Metric
-> Cosmological Redshift



Redshift—Scale-factor Relation from the Robertson-Walker Metric

* Photons travel along null geodesics (ds = 0, i.e., proper time is frozen). Along the
radial direction towards the observer (df = d¢ = 0, dx < 0), we have:

—dx c dt

Vi-k2  Ru®

* Follow the path of two adjacently emitted photons (separated by one
wavelength: o1, = 1,/c, 6t, = A /c) by integrating from the emitter (e) to the
observer (0):

J’XO —dx "to cdt
X, \/1 — kx? t, R,(?)

Jxo —dx B [Z0+5t0 cdt B Jl‘o cdt . Jlo-i-éto cdt [Z€+5te cdt
X, \/ 1 — kx? ot Ru() RO ), RO ), R

combining the two gives us the redshift—scale-factor relation (true for all k)
e

cot cot ot A 1

= 0 _ e e _
RU(tO) RU(te) 5t0 /10 1 +z




Cosmological redshift of
photons emitted from a
distant galaxy is caused by the
increasing scale factor of the
universe (Ry):

RU(Z) 1 /Irest /I(Z)
R O — RU(Z) — — - —
U( ) 1+ < ﬂobserved )‘(O)




What is redshift? Classical vs. Relativistic Doppler Shift, and Scale Factors

* The classical Doppler
shift formula,

1 /Iobs

.
1 +—
/10 C
gives recession velocity:
V, = CZ

* The relativistic Doppler
shift formula,

/10]38 - 1+V’,/C
Ao \V1-v/c

gives recession velocity:
(1+27°-1
\VA—

L=C
(1+22+1
* But, cosmological redshift

should be understood as a

ratio of scale factors:
1 47 = /lobs _ 1
/10 RU(Z)

l+z=

Redshift (z)

10

9

Doppler shift (z) gets arbitrarily
large as velocity approaches =~
the speed of light.

(Relativistic)
Doppler shift

Classical approximation to
Doppler shift, z = V. /c, works only
at velocities much less than c.

B o

T

:'aéssical approximation
to Doppler shift

0.8 1.0



Recap of Previous Lecture



(d0)* = (dD)* + (rd¢)* = (RdB)? + (r dop)?

r =R sinf, so dr = Rcosfdb

dr- Rdr dr
cos@ RZ—rZ /1—1r2/R2

RdO =

dr
\/1—7“2/R2

(df)* = ( )2 + (r d¢)*



Robertson-Walker Metric: Differential Space-Time Distance

* In General Relativity, a metric is a function which measures differential
space-time distance between two events:

(ds)? = (c - dbt)* — (d])?

* The Robertson-Walker metric is the metric that describes the geometry
of a homogeneous, isotropic, expanding universe. The metric in
spherical coordinate system is:

2 4+ (xd6)? + (x sin Odg)?

(ds)® = (c - di)® — RX(t) [(

dx )
V1 — kx2
where

Ry is the scale factor, defined to be 1 at present day, and <1 in the past
X is the comoving radial distance, x = r(¢)/ R (1),

2
L_fu = K(OR2(D),

R?  RZR?
u [ ] M U
R is the comoving radius of the curvature.

k is the comoving curvature, k =



Redshift—Scale-factor Relation from the Robertson-Walker Metric

* Photons travel along null geodesics (ds = 0, i.e., proper time is frozen). Along the
radial direction towards the observer (df = d¢ = 0, dx < 0), we have:

—dx c dt

Vi-k2  Ru®

* Follow the path of two adjacently emitted photons (separated by one
wavelength: o1, = 1,/c, 6t, = A /c) by integrating from the emitter (e) to the
observer (0):

J’XO —dx "to cdt
X, \/1 — kx? t, R,(?)

Jxo —dx B [Z0+5t0 cdt B Jl‘o cdt . Jlo-i-éto cdt [Z€+5te cdt
X, \/ 1 — kx? ot Ru() RO ), RO ), R

combining the two gives us the redshift—scale-factor relation (true for all k)
e

cot cot ot A 1

= 0 _ e e _
RU(tO) RU(te) 5t0 /10 1 +z




The 1st Friedmann’s Equation
(Newtonian Derivation)

- Alexander Friedmann (1888 -

~ | 1925) was a Russian physicist
~ and mathematician. Fought in
- WWI as an aviator. Died at age
St 37 from typhoid fever.


https://en.wikipedia.org/wiki/Russians
https://en.wikipedia.org/wiki/Physicist
https://en.wikipedia.org/wiki/Mathematician

Newtonian Derivation based on Energy Conservation

* Imagine a spherical shell
with unit mass in a matter-
only universe with a
comoving radius of x, as
the universe expands:

* its physical radius at
time tis r(t) = Ry(t) x,

M(r) = (4n/3) p 13

* its expanding velocity is
v(t) = Ry() - x,

* the mass enclosed in the
shell is

4r 3
M(r) = = [Ry0x] - p(0




Newtonian Derivation based on Energy Conservation

* Imagine a spherical shell with unit mass in a matter-only universe
with a comoving radius of x, as the universe expands:

* its physical radius at time t is r(t) = Ry(t) x,
* its expanding velocity is v(7) = RU(t) - x, and

dr
. the mass enclosed in the shell is M(r) = ?[RU(t)x]3 - p(1)

* We can write down the Kinetic + gravitational potential energy for
the unit-mass spherical shell:

1 GM 1. 4
E = > 2 GMU) _ ERU(t)zxz — ?”Gp(r)RU(r)%cz
r

* This energy per unit mass must be the same for every shell with the
same comoving radius X, so we can define E with a k parameter:

1
= — —kc’x?
2
* Combining the two Egs. %nd cancel out x2 on both sides, we obtain:
R,” 8
(— - —ﬂGp) Rlzj = — kc?
R, 3

a’




The Cosmological
Constant



Friedmann’s Equations derived from Einstein Field Equations

The equations connect the geometry of space-time with
the local distribution of mass, energy, and momentum (pressure).

Rop —

1

2

STG

R =
dop C4

Top

where R4 is Ricci tensor,

R the Ricci scaler (that describes the curvature),
8ap IS the metric tensor, and

1,4 1s the stress-energy tensor

Original Friedmann’s Equations:

a\? kc& 8
_ | — _G
(a) a? 3 P
2§+ (c’z>2 | ke = —S—WGp
a a a? c?




Einstein’s “Mistake”: the Cosmological Constant (Dark Energy)

The universe must be static, right? But my field equation doesn’t allow that,
because when the scale factor is constant, Friedmann’s equations are nonsense:

kc?

_am
3

a2

G,Oo —

ST

Grpo

c2

Let me revise my equation so that to allow a static universe:

1 SrG
Raﬁ — _gaﬂR — Agaﬁ — 7;5
2 A
Original Friedmann’s Equations: Revised Friedmann’s Equations:
s\ 2 2 Ny
a kc 8 a kc? 8w Ac?
)+ =G ~) +—5 = Gp-
(a) a? g 7P (a) a2 3 Gp 3
. e\ 2 2 . ) 2
k 8
8 (O LB gyl | al () S
a a a? c? a a a? c?

Lambda, if positive, increases energy density, decreases pressure




Friedmann’s Equations (GR Derivation)



Einstein Field Equations

The equations connect the geometry of space-time with
the local distribution of mass, energy, and momentum (pressure).

1 E
Raﬁ — §gaﬁR — A Eﬂ
where R4 is Ricci tensor,
R the Ricci scaler (that describes the curvature),
8qp 'S the metric tensor, and

1,4 1s the stress-energy tensor

Einstein later included a constant A in the field Equation (explained later):

1 S &

flap = 59058 | = Mas| = = = Tap

The t-t and r-r components of the stress-energy tensor and their corresponding Ricci tensor
and scaler resulted in two Friedmann’s Equations (first derived in 1922, seven years before
Hubble’s discovery of an expanding universe and over 10 years before RW metric)




The Metric Tensor 8op’ Isotropic & Homogeneous Universe

For such a universe, its geometry is described by the Robertson-Walker Metric,

(ds)? = (c - dn)? — a(t) [( 2 4 (rd6)? + (rsin 9d¢)2]

dr )
\/ 1 — kr?
In tensor notation, the metric equation is:
(ds)* = 8apdX,dxg

The metric tensor’s diagonal components are (c is absorbed by t):

1 a”

doo = gi1 =

’ 1 — kr?’

gog = —a’ ?‘2, g33 = —a’r? sin? 0

The metric tensor’s non-diagonal components are all zero.



Energy-Momentum Tensor 1 o’ Perfect Fluid in Thermodymamic Equilibrium

P
Taﬁ — (,0 | -2 )uauﬁ — P8ap

where p, p, u,,, 8op Are density, pressure, macroscopic speed, and metric tensor.

In the comoving reference frame of a perfect fluid, the
macroscopic speed has only the temporal component:

(uo, ul, uz, l/l3) —_ (C,0,0,0)
Given the metric tensor from RW metric: goo = 1

One obtains:
Too = pc*, T; = — pg;

For example, the r-r component is:

2

_ ba
ﬂl_l—k?“Q




What Additional Terms are in the Einstein Field Equations?

The equations connect the geometry of space-time with
the local distribution of mass, energy, and momentum (pressure).

1 &
Raﬁ — §gaﬁR —

Top

ct

where R ; is Ricci tensor,

R the Ricci scaler,
8qp 1S the metric tensor, and

Taﬁ is the stress-energy tensor



The Ricci Tensor & Scaler: Step 1 - Christoffel Symbols

Calculate the Christoffel Symbols

ré lgﬂa{agau _ 9o %u}

v 9 Oxv = Ozt o0xe

from the metric tensor of the RW metric:

0,2

1 — kr?’

goo = 1, gi1 =

goo = _a2 7"2, g3z — —CL2 7“2 SiIl2 0



The Ricci Tensor & Scaler: Step 1 - Christoffel Symbols

8gau agau 8.9“1/
ox? OxH ox

1
Calculate the Christoffel Symbols Fﬁy =3 gPe { + —

-I‘ee—r aq
OI‘t — r2qa4 sin’ 0

o I} _Frt—rte—F3t=Tf¢=F$t—

T _ T
° I}T__

K2(1— L)
7,2
eIV, =—r(1- }"{—22) sin” 6

0 170 19 —T7¢ —1
.FT'H_FOT_FTQO_FcpT‘_T-

0 _ o
-I‘W)— sin @ cos 6

 _1v __ 1
FSOO_F "~ tané



Ricci Tensor & Scaler: Step 2 - Ricci Tensor from Christoffel Symbols

Calculate the components of the Ricci Tensor

0, 0
o o (0} ﬂ 8 /8
Ry = 5 T8, = 5 Tpa + T5aL0, — T30,

o Ryt = Ry, = Ry + Rtet + thpt — 3%

ad 24 2
® R’T‘T‘ - 'rm'r — r2 I r2 I 2 2
-7 1-72  K*(1-33%)
e [ ] 2
e Rop = R} , =r%ad + 2r?a° + 27~
. m . D e ) Ve )
e R,, = R7,, = r7aasin®0 + 2r°a“sin”0 +

2
2% sin? @



Ricci Tensor & Scaler: Step 3 - Ricci Scaler from Ricci Tensor

Finally we can get the Ricci scalar:

. DN 2
ik B a a 1
R=g Rik—_65_6(_) _6K2a2




Ricci Tensor & Scaler: Summary

converted to our notation system
by taking ¢ out of the time

derivatives, and k = K™%

Results that absorbed ¢ in t:

R > 4 34
00 — —J
c? a a
ad + 2a* + 2kc? 5
11 = s - > - 2
c2(1 — kr?) 1-—= 1-7=  K?(1-47)

cla c?\a a

P 6 d 6(3’)2 6k —6é—6<é>2 . 1
a a




The 1st Friedmann Equation: Velocity

Einstein’s Equations with the Cosmological Constant:

1 8m(G
Raﬁ — igaﬁR o Agaﬁ — A 7;5
Write down the time-time components of the tensors
3 d B ,
Roo = — — 8oo = 1 Loy = pc
cC- d

R =

6 d 6(61)2 6k

cla c?\a a2

Plug in and simplify:

<c’z)2 ke 8zG Ac?
— )+ —==—>p+



About the Hubble Parameter H(z)

* The Hubble parameter is defined as .
H(t) = R (1)/R(1)
* Unlike Hubble constant, it changes with time. For the simplest case of linearly expansion,
the Hubble parameter is inversely proportional to the scale factor (as illustrated below).
» At t = tp (today), this definition gives Hubble’s Law:
R, (t)) = H(t))R (1)) = D = HyD where D = Ryx

A

Billions of years ago

Space Generation Rate (km/s)

Distance



The 2nd Friedmann Equation: Acceleration

Einstein’s Equations with a Cosmological Constant:

2
1 817G _ a
flap = 59061 | = Agag| = — = Tap S =73
Write down the space-space components of the tensors:
aa+2a2+2k(}2 — 811 N .
9) .o .
pa 6d 6 ( a )2 6k
T — — R — —_—
W k2 PSll c’a c?\a a?

Plug in, cancel out g11, and simplify:

| = + Ac?
a? c? P

a <d>2 ke? St



The 2nd Friedmann Equation from other Spatial Dimensions

Einstein’s Equations with a Cosmological Constant:

1 JE 2.2
Rap — 590p |— Agap| = Tes 8 =—awr
2 A
Write down the space-space components of the tensors:
1 —
R,, = —(raii + 2r%® + 2kcr?) = S22 i + 242 + 2ke?)
c? a’c?

6 d 6 /a 6k
Iy =—pgr R = ( )2

cla c2\aq a

Plug in, cancel out g22, and simplify, one obtains the same equation:

i (ay, ke* 837G ,
2— + <—> | = p+ Ac
a a a? c?




Friedmann’s Equations Combined

.
2— +
d

p + Ac?

(c'z )2 kc? 3G
a a? c?

Plug the first equation into the second one, we get the acceleration equation:

Ac?
3

7) 4nG < 3p

+>+
a 3 “

C2



Solving the Friedmann Equations:

Prerequisite 1: Boundary Conditions



The 1st Friedmann Equation expressed in Density Parameters

* The first Friedmann Equation from GR is:
Ry\, ke*  82G Ac?
<—> T— = —(Pm+,0y)+—
Ry

Rz 3 3
which can be rearranged as:

p Ac?
Rt 1 - (L2424 D)) e
pe P 8aGp,

where we used the critical density and the Hubble parameter:
3H" 117,2 3 Ry -1 ~1
P = =28 % 10""h"M,/Mpc’, H=— = 1002kms™" Mpc
3nG Ry

 Now define the dimensionless densities:
« Q= p. /p.,ordinary matter (baryons and dark matter)

. Qy = py/ P relativistic matter (light and neutrinos)

« Q) = Ac?/ (87Gp,), dark energy (A is the cosmological constant and has the
same physical unit as the curvature constant k), and p, = Ac?/(87G)

+ A =3Q, (Hj/c* =114 x 107"Mpc™ = 1.2 x 10™*m™>

* Replacing those, we obtain a new form for the Friedmann Equation (FE1):
RGH? [1 —(Q,+Q,+ Q)] = — kc”



Critical Density, Hubble Parameter, and Cosmological Constant

* The critical density:

3H?
Pe=g—== 2.78 x 101 h*M_/Mpc® = 1.88 X 107*°h*kg/m’,
T

which is equivalent to a hydrogen density of

Ny = pel(4m,/3) = 8.43h*m™>

R
. The Hubble parameter: H = R—U = 100 h km s~ Mpc™~!
U

* The cosmological constant:

3Q, H?
A — A050

5 = 14X 107'Mpc™? =12 X 107*m > for Q, , = h = 0.7

which corresponds to a comoving curvature radius of

Ry, =+/1/A =2961.7Mpc



Boundary Condition: Today’s Universe

* The Friedmann Equation (FE1):

RGH? [1—(Q,+Q,+ Q)] = — kc?

* Boundary condition at t = to gives the value of the curvature:
H:(1 — Qy) = — kc?, or

—kc?

Hg

* The 1st Friedmann Equation with the boundary condition:
RGH? [1-(Q,+Q,+ Q)] = —ke> = Hy(1 — Q)
* which can be rearranged as:
E* = H*/H; = R;*(1 — Qp)/[1 — (,,+ Q, + Q)]

R,=(1+2)"



Recap of Previous Lecture



The 1st Friedmann Equation: Velocity

Einstein’s Equations with the Cosmological Constant:

1 8m(G
Raﬁ — igaﬁR o Agaﬁ — A 7;5
Write down the time-time components of the tensors
3 d B ,
Roo = — — 8oo = 1 Loy = pc
cC- d

R =

6 d 6(61)2 6k

cla c?\a a2

Plug in and simplify:

<c’z)2 ke 8zG Ac?
— )+ —==—>p+



About the Hubble Parameter H(z)

* Hubble’s Law, expressed in scale factor, gives the meaning of Hubble constant:

* But unlike a constant, this ratio changes with time, even for the simplest case of
linear expansion, as illustrated below.

* Ho is thus the present-day value of the time-dependent Hubble parameter:
H(t) = Ry(t)/ Ry (1)

A

Billions of years ago

Space Generation Rate (km/s)

Distance



The 2nd Friedmann Equation: Acceleration

Einstein’s Equations with a Cosmological Constant:

2
1 817G _ a
flap = 59061 | = Agag| = — = Tap S =73
Write down the space-space components of the tensors:
aa+2a2+2k(}2 — 811 N .
9) .o .
pa 6d 6 ( a )2 6k
T — — R — —_—
W k2 PSll c’a c?\a a?

Plug in, cancel out g11, and simplify:

| = + Ac?
a? c? P

a <d>2 ke? St



The 2nd Friedmann Equation from other Spatial Dimensions

Einstein’s Equations with a Cosmological Constant:

1 JE 2.2
Rap — 590p |— Agap| = Tes 8 =—awr
2 A
Write down the space-space components of the tensors:
1 —
R,, = —(raii + 2r%® + 2kcr?) = S22 i + 242 + 2ke?)
c? a’c?

6 d 6 /a 6k
Iy =—pgr R = ( )2

cla c2\aq a

Plug in, cancel out g22, and simplify, one obtains the same equation:

i (ay, ke* 837G ,
2— + <—> | = p+ Ac
a a a? c?




The 1st Friedmann Equation in Various Forms

Originally derived from the tt-component of the field equation:

(RU>2+]<62_871'G( N )+A02
R,) "Ry 3 mTTT3

After defining Hubble parameter, critical density, density of
Cosmological constant, and dimensionless density parameters:
R 3H? Ac?

“ R, T sxc N7

[t can be rearranged as:
RGH? [1 —(Q,+Q,+ Q)] = — kc?

After plugging in the boundary condition at present:

REH? [1 = (Q, +Q, + Q)] = HJ1 = (Q,+ Q0+ Q4 )]



Critical density as a

3H ([) function of time.Value

P. (f ) = below is present value,
,\ O 8][G based on present value
%

Q£

m o () 2 }/, () ? of the Hubble parameter H
3HO
Planck Collaboration (2013) Peo = Gt =9.47x10"" kg / m’
Dark
- Matte matter:
Dark Matter o
- Gas:
Gas | 4%
Galaxies:
0.5%
DarkiEnergy: o 7o
Neutrinos:

<0.5%




Solving the Friedmann Equations:

Prerequisite 2: Pressure-Density relations
& Density-Scale-factor relations



Equations of State for Matter, Radiation, and Dark Energy

The equations of state for different components of our
universe are necessary to solve the Friedmann’s equations
by connecting pressure with energy density:

p = wpc”

Friedmann Equations:




Pressure from Matter is Negligible: w =10

P’ﬂk’
/)CE’)’\ Muc

%~&x




Radiation Pressure vs. Radiation Energy Density: w=1/3

Pmi j In 0059 dSL = - ‘I:" fe_o I);/Oofe sind 40 HD
= "'7‘ = (Lo +15n ) = -—- = <> U&o GSKNG---——&S@

Pkt Al
q so‘frbf e

<LL> -!-aflv 4 L

e




The Cosmological Constant: w =-1

The Friedmann’s Equations can be rearranged to reveal the equivalent density and pressure
from the cosmological constant:

(d )2 ke? 872G Ac? SJZ'G( Ac? )
— — p 1 — p -

a a? 3 3 3 871G
251' <d>2+ kc? S A2 . G( Ac? ’
| — = C"=—0orm
a a a? c? P c2|l 8xG




Density-Scale-Factor Relations

Given the first law of thermal dynamics,
1dS = dQ = dE + pdV

assume adiabatic condition (dQ = 0) and express total energy as a product
between density and volume:

dE = d(pc*V) = — pdV

Given the equations of state and V « R(3](t), one can use the adiabatic law
to derive how energy density or pressure evolves with scale factor.

d dR
d(pR}) = — wpd(R}) = 2 = =31 + w)—L = p & R+

P Ry

The resulting density-scale-factor relations are:
Pu(D) R (D),
p1) x R;*(1),
pa() & RY(0)



Implications: Same Matter, Less Radiation, More Dark Energy

The energy density-scale factor relations:

Pu() & R;(D),
p1) x R;*(1),
pa(l) R(O/(f)

These relations imply that while the mass energy remain constant
as universe expands, the energy contribution from radiation
decreases, and that from dark energy increases:

PV x R)(D),
POV « R (1),
pADV & R(1)



Solution of the 1st Friedmann Equation:

Expansion History of the Universe



Solution 1: Hubble Parameter vs. redshift - E(z)

* Boundary condition at t = to gives the value of the curvature:

2 2 _ —kc
Ho(1 — €y) = — kc*, or often as Qk,o = (1 -Qy) = %7
0

2

* Relations between density parameters2 and scal% factor:
Q ~ PmPe P, Hj 1 Hj

Qm,O pm,Opc pm,O H2 Rl3] H2

Q1 H Q, H?
— and = —
QA,O H2

Q,, R} H?
* Given the F]231 wit2h the boundary conditizon: ,
H”— H~(Q, + Q}, + Q) = Hy(1 — )/R;
plug in the density-scale-factor relations and rearrange:
H* = Hg[(1 = Q)R + Q,,,o/Ry + Q, 0/ Ry + Q]

* Expressed scale factor as redshift and define the dimensionless
Hubble parameter E(z):

H(z)
HO

E(z) =

— \/(1 — Q) (1 +2)* +Q,, (1 +2° +Q (1 +2)* + Q,



Solution 2: time vs. redshift - t(z) <-> Ry(t)

 Start from FE1 with boundary condition and density parameters:
H* = Hj[(1 — Q)/Rj + 0/ Ry + Q, /R + Q]

express Hubble parameter with scale factor, H(f) = R;,/R;:

(ldRU)LHg[(l Q)+ Q SR+ Q. JRE+Q, R2]
RU At — R(2] 0 m, 0" U y,0' MU A

* Separate time and scale factor terms, and define Hubble time 7, = 1/H,;:
dt B dRy;
z \/ (1 = Q) + Q,,0/Ry + Q,o/R} + Q, 4R

* By integrating both sides from Ry=0 (t=0, Big Bang) to Ry =1/(1+z) (when t
= t), we obtain the coordinate time t at redshift z for any given values of the
density parameters.

. [1/(1+z) dR,,
0 \/(1 —Q0) +Q,, /Ry + Q, /R + Q) oR




Alternative Derivation: time expressed in E(z)

* Start from the definition of the dimensionless Hubble parameter:
H(Ry) = HyE(Ry))

express Hubble parameter with scale factor, H(f) = R;,/R;;

R, dt

= H,)E(R,)

» Separate time and scale factor terms, and define Hubble time 7, = 1/H,;:

di  dR,
th  E(Ry)Ry

* By integrating both sides from Ry=0 (t=0, Big Bang) to Ry =1/(1+2)
(when t = t), we obtain the coordinate time t at redshift z for any given
values of the density parameters.

/ [1/(1+Z) dRU J'Z dZ/ Joo dZ/
<

o  ERyRy - o (I +2)E(Z) T, 0+ E@)



A simple example: Einstein-de Sitter Universe

* The Hubble Parameter solution:

E(R —Hmm 3 !
(R,) = (1 = Q)/R? + Q,,o/R3 + Q, o/R}+ Qy

* The time- scale factor solution:
{ Jl/(1+2) dRU

0 \/(1 — Q) +Q,, o/Ry + Q, o/R + 5 oR7

* A matter-only, flat universe is known as the Einstein-de Sitter
universe have the following density parameters:

0=90,0=1,Q2,,=Q,,=0

which lead to the following analytical solution:

= H(z) = Hy/R;* = Hy(1 + 2)”"

2
= 1(z) = ng(l +27)7°



Without prior knowledge of the density parameters and
Hubble constant, infinite expansion histories are allowed
by the FE1. How do we know which one is correct?

Problem: we can measure R,
but not time t. No data to
constrain the models!

(N

A beautiful plot, but

useless to experimentalists.

Scale Factor (Ry)

o 113 -10 Now 10 20 30
(lookback time  11me in Billion Years (t) ~ “Big crunch”

depends on model)

0Ok




Recap of Previous Lecture



Equatlons of State for Matter, Radiation, and Dark Energy

The equatlons of state for different components of our
universe are necessary to solve the Friedmann’s equations
by connecting pressure with energy density:

p = wpc?

w = 0, 1/3, -1 for matter, relativistic matter, and cosmological constant

First law of thermodynamics in adiabatic condition:
d(p02R3) = de?]
Plug in the equations of state:
d( R3 3 d_p _ & -3(14w)
pR;) = — wpd(R;)) = =—-3(1+w) = p xR
P Ry
The resulting density-scale-factor relations are:
Pu(D) R (D),
p1) x R;*(1),
pa(t) & RY(?)



FE1 in Various Forms

Originally derived from the tt-component of the field equation:

<RU>2+]<62_871'G( N )+Ac2
R,) "Ry 3 mTTT3

After defining Hubble parameter, critical density, density of
Cosmological constant, and dimensionless density parameters:
R 3H? Ac?

“ R, T sxc N7

[t can be rearranged as:
RGH? [1 —(Q,+Q,+ Q)] = — kc?

After plugging in the boundary condition at present:

REH? [1 = (Q, +Q, + Q)] = HJ1 = (Q,+ Q0+ Q4 )]



Solution of FE1: Hubble Parameter vs. redshift - E(z)

* The FE1 in density parameters and Hubble parameter:
RGH? [1 —(Q,+Q, + Q)] = —kc?

* Boundary condition at t = to gives the value of the curvature:
H(1 — Q) = — kc?

* Equations of state gives density—scale—fagtor relati%ns:
Q,  PwPeo _ pn Hy 1 Hp

Qo PmoPe  Pmo H* Ry H?

Q1 H Q, H;

= and =
Q9 R} H? Qo H?
* Plug in and rearrange:
H* = Hj[(1 — Q))/R; + Q,, /R + Q, 0/R;, + Q) ]

* Expressed scale factor as redshift and define the dimensionless

Hubble parameter E(z):
H(z) 2 3 4
E@) = —— = \/(1 ~ Q)1+ 27+ Q,0(1 +2° +Q o(1 +2)* + Q, 4
0



Evolution of the Dimensionless Density Parameters

* Given density parameters-scale factor relagions fromzequations of state:
Qm . pm IDC,O pm HO 1 H()

£2m,O Pec pm,O pm,O H2 Rl3] H2
o 1w 9 _H

Q,, R} H? Qo H?
* And the FE1 with the boundary condition:
H* = Hy[(1 — Q))/R; + Q,, o/R} + Q,o/Rj; + Q]

* [t's easy to see that:
Q 1 H 1

m —

Q.0 RyHZ  RM(1—Qu)/R}+Q, o/R} + Q,o/RE + Q]

£, 1 Hj 1

Q. R&H2 R —Q)/RY+ Q,0/R}+ Q,o/RE + Q]

Q, Hj 1

Quo H2  (1-Q)/RY+Q,0/R}+Q,o/RE+ Q)
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Expansion History: Ru-t or z-t relation

* Start from the definition of the dimensionless Hubble parameter:
H(Ry) = HyE(Ry))

express Hubble parameter with scale factor, H(f) = R;,/R;;

R, dt

= H,)E(R,)

» Separate time and scale factor terms, and define Hubble time 7, = 1/H,;:

di  dR,
th  E(Ry)Ry

* By integrating both sides from Ry=0 (t=0, Big Bang) to Ry =1/(1+2)
(when t = t), we obtain the coordinate time t at redshift z for any given
values of the density parameters.

/ [1/(1+Z) dRU JZ dZ/ Joo dZ/
<

o  ERyRy - o (I +2)E(Z) T, 0+ E@)




Expansion Histories for Different Compositions

Note: The Hubble time (to = 1/Ho) provides only

a rough estimate of the Universe’s age. &
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Without prior knowledge of the density parameters and
Hubble constant, infinite expansion histories are allowed
by the FE1. How do we know which one is correct?

Problem: we can measure R,
but not time t. No data to
constrain the models!

(N

A beautiful plot, but

useless to experimentalists.

Scale Factor (Ry)
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The Key is to Measure the Distance-Redshift Relation

We can measure both z (Ry) and Distances, so the models can be constrained

15
T

10

Distance / Moduli

10

Redshift (Scale Factor)



Hubble diagram for Cosm Parameters (z > O.1)

High-redshift (z > 0.15) SNe:
* High-Z SN Search Team
© Supernova Cosmology Project

Low-redshift (z < 0.15) SNe:
* CfA & other SN follow-up o

o Calan/Tololo SN Search  , 4¢"
i ' - QM=O'3’ QA=O'7

(¥
1
a0

Distance Modulus (m-M)

0.01 0.10 1.00
Perlmutter & Schmidt 2003 Z



Observable Distances:

Luminosity Distance (standard candie)
Angular Diameter Distance (standard ruler)



Luminosity Distance and Angular Diameter Distance

- Luminosity distance: d; = \/L/(4zF)

* Angular diameter distance: d, = [/0

«-a

Actual diameter
\ = ?
/ -

% Angular diameter

(32 arc minutes or

T~ 1920 arc seconds or
arth 0.5 degrees

* In our perceived world, the two shall equal for the same object.

* In an expanding universe, do they still equal to each other for the
same object?
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Why Angular-Diameter Distance and Luminosity Distance are Not Equal?

* consider the luminosity of a spherical blackbody emitter with a
radius of R with a temperature of Te when emitted, and To when
observed.

» Its emitted luminosity: L, = 47R*c¢zT>
 Its surface brightness seen by the observer: I = o¢,T+/x

* The observed flux can be derived in two ways:
* [tequals thea igular size multiplied by surface brightness:

aR? o¢5T; 4R2
F,A= ospl j—
di =« dz
* [t also equals the emitted luminosity divided by luminosity

L, R2
Amd} = ogle &2

distance squared: F =

* Combining the two leads to the relation between luminosity

distance and angular diameter distance:

dA_Tg_Z)_ 1 d,

= d, =
d, T? ( (1+2)? AT (1422




Luminosity Distance vs. Proper Distance

* To understand di, consider the luminosity (energy per unit time) of
a source when light was emitted vs. the luminosity of the source when
light was observed, are they equal to each other in an expanding
universe?

* because of cosmological redshift, each photon loses its energy by
(1+z) and time is dilated by (1+z), so the observed luminosity is
decreased by (1+z)2

L, = L,a*(t)
* So the observed flux is diluted by both distance2 and (1+z)2:

L L
F o=—2 = ‘ > d, =dJa(t) =d (1 +
°" dad?  4ald2laX,)] L= aylalle) = 61 +2

- Given the dL-dA relation, we have: dy = d,/(1 + z)




Proper Distance



Robertson-Walker Metric: Differential Space-Time Distance

* In General Relativity, a metric is a function which measures differential
space-time distance between two events:

(ds)* = (c - dt)* — (dl)?

* The Robertson-Walker metric is the metric that describes the geometry of a
homogeneous, isotropic, expanding universe. The metric in spherical
coordinate system is:

(@5 = (c - dn® = RZ0) | )? + (xd0) + (xsin 0|

V1 — kx2

where

Ry is the scale factor, defined to be 1 at present day, and <1 in the past
X is the comoving radial distance, x = r(?)/R(?),

| | I _ Rj )
k is the comoving curvature, k = = = R2R} = K(9)R;(¢1),

R is the comoving radius of the curvature.

The same terms are in Friedmann Equation.



Robertson-Walker Metric: Differential Space-Time Distance

* integral space-time distance

as= [

A

 Timelike
« (As)* >0

* events could be causally
connected

* e.g., proper time measured
by a clock moving in a
spaceship.

* Spacelike
¢ (As)* < 0

* events cannot be causally
connected

* e.g., proper distance
between two locations
measured simultaneously

» Lightlike: (As)? =0

E, = (ct,,x,,0,0)

ct

Future

P E, =(ct,,x,,0,0)
worldline

<light-like region

spacelike region(elsewhere)
X

spacelike region (elsewhe




Proper distance to an object at redshift z

* By definition, proper distance is measured between two locations simultaneous
(dt = 0). If we also define one of the locations at the origin (x=0), and the direction

to the other location is along the radial direction (df = d¢ = 0), we can write the
proper distance by integrating the RW metric:

YA odx
d, =/~ (85 = Ry(1) [O T

where tis the time of the measurement, and when it is the present, R, = 1.

* The integral has three analytical solutions, depending on the value of k:

1 xy/-kdy — ? sinh™ [x\ﬁc] open(k < 0),

-

. v —k 0 V1+y?
J . [Fdx = x, flat(k = 0),
01— kx2

ﬁ g\/% B ﬁsm 'VE|,  closedtk > 0).



Proper Distance vs. Comoving Distance

* In the previous slide, we derived the relations between proper distance and
comoving distance:

r

? sinh™ [x\ﬁc] open(k < 0),
dp = Ry(1)< X, flat(k = 0),
7 sin~ [X\/z] closed(k > 0).

* Proper distance equals comoving distance only in a flat universe and when
measured at the present time



Comoving Distance



To Measure Distances, We Shall Follow the “Money” (Light)

* In General Relativity, a metric is a function which measures differential
space-time distance between two events:

(ds)? = (c - dbt)* — (d])?

* The Robertson-Walker metric is the metric that describes the geometry
of a homogeneous, isotropic, expanding universe. The metric in
spherical coordinate system is:

(ds)* = (¢ - df)* — R*(?) 2 4+ (xd0)? + (x sin dg)?
U

dx )
V1 — kx2
where

Ry is the scale factor, defined to be 1 at present day, and <1 in the past
X is the comoving radial distance, x = r(¢)/ R (1),

2
L - U KR,

R?  RZR?
u [ ] M U
R is the comoving radius of the curvature.

k is the comoving curvature, k =



Comoving distance expressed as a function of redshift

* To measure comoving distance between two locations, we follow the

light along the radial direction (d6 = d¢ = 0):
—dx c dt

\/1 — kx? RU(t)

* Integrating from emitter at x to observer at x=0, on the left side:

LX\/——k dy
b s
o dx
J \/ = fodx=x,
0V 1 —kx?
R |
VR V=

* On the right side:

= —sinh™! [x\/ —k] , open(k < 0),

flat(k = 0),

closed(k > 0).

ro cdt C[l dR,, Cr dR,, JO —~(1+2)%d7 ¢ ‘Z dz’
— p— =C

. Ru(®) koo HRORY

R,(2) RuRy

where we used the Hubble parameter: H(7) = R,/R;,

and the dimensionless Hubble parameter:£(z)

_HE@) (1 +2)2 H,

0 E(Z)

= H(z)/H,




Comoving distance expressed as a function of redshift

Combining the two sides, we have:

? sinh™ [xﬂ] open(k < 0),

N

C JZ dZ/
H, ()E(Z/)

M dx
J — < x(2), flat(k = 0),
V1 — kx2
— sin~ [x\/Z] closed(k > 0).
L f J
thus the comoving distance to the emitter is:
1 : \/—_kc z d7
ﬁsmh T Io E(Z,)], open(k < 0),
c (2 d7 _
x(z) = 1 T Jo 77 flat(k = 0),
1 . \/%C z d7
NG sin [ T Jo E(Z,)], closed(k > 0).

where the dimensionless Hubble parameter is from FE1.:

E(z) = H(z)/H, = \/ (1= Q)1+ 22+ Q, (1 +2° +Q (1 +2* + Q,

the dimensionless curvature is set by the boundary condition: k = — H 2(1 — QO)/ C

ef—e™*

and the hyperbolic sine function is defined as: sinh x =



Proper Distance vs. Redshift

* Recall that proper distance expressed in comoving distance:

-

) N F sinh™ [x\/_k] open(k < 0),
d,= RU(t)J = Ry(7)+ X, flat(k = 0),

[ —kx2
0 V/1—kx? L sin- x|, closeddk > 0).

k

* Follow the path of light, comoving distance expressed as a fun of z:

a 3

——sinh™ [xx/ k] open(k < 0),
M dx \/_ c (¢ d7
J = 3 x(2), flat(k = 0), ¢ = —[ ,
\/ 1 — kx? Hy J, E(Z)

7 sin— [X\/%] closed(k > 0).

L J

* Combining the two, one obtains the proper distance to an emitter at redshift z:

B CRU(I)J‘
P H, 0 E(Z)




Distance-redshift relations



100
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Constrain
Cosmological Parameters with
the Hubble Diagram



Hubble Diagram for Hp measurements (z < 0.1)

Burns+2018 w/ Cephelds
37 5 _ 1 | I I ’ ‘. 2
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Figure 8. Hubble diagram for the H band (top panel) and B band (bottom
panel) populated with SNe Ia from the CSP-I DR3 sample, as well as with
those objects with Cepheid hosts (plotted as solid red circles). The best-fit
Hy = 73.5 £ 1.5 km s~ ! Mpc~! from combining all filters is shown by a solid

red line. The expected dispersion due to intrinsic variance and peculiar
velocities is plotted as dashed red lines.
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Hubble Diagram for Other Parameters (z > O.1)

High-redshift (z > 0.15) SNe:
* High-Z SN Search Team
© Supernova Cosmology Project

Low-redshift (z < 0.15) SNe:
* CfA & other SN follow-up o

o Calan/Tololo SN Search  , 4¢"

o — 0,=0.3, Q,=0.7

Distance Modulus (m-M)

0.01 0.10 1.00
Perlmutter & Schmidt 2003 Z



When we have distance measurement from galaxies at z > 0.1, cosmological
density parameters can be constrained by the same Hubble diagram

Distance Modulus (m-M)

High-redshift (z > 0.15) SNe:
* High-Z SN Search Team
© Supernova Cosmology Project

Low-redshift (z < 0.15) SNe:
 CfA & other SN follow-up S A

o Calan/Tololo SN Search  , 4¢"

— 0,703, Q,=0.7

0,=0.3, Q,=0.0
-- 0,=1.0, Q,=0.0

0.01 0.10 1.00

Perlmutter & Schmidt 2003 7
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Table 1.1: CosMIC INVENTORY

Component Q (p/pc)

Dark Energy 0.691 4 0.006
Matter (baryonic and non-baryonic) 0.312 + 0.009
Baryons (Total) 0.0488 4+ 0.0004
Baryons in stars and stellar remnants ~ 0.003
Neutrinos ~ 0.001
Photons (CMB) 5x107°




Critical density as a

3H ([) function of time.Value

P. (f ) = below is present value,
,\ O 8][G based on present value
%

Q£

m o () 2 }/, () ? of the Hubble parameter H
3HO
Planck Collaboration (2013) Peo = Gt =9.47x10"" kg / m’
Dark
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Supernova Cosmology Project
Suzuki, et al., Ap.J. (2011)

No Big
'''Bang

Union2.1 SN la
Compilation

Figure 10.6: Joint likelihood contours
I ’ (68%, 95%, and 99.7% confidence lim-
- its) in the Q0 — Qa0 plane for a re-
8 | “ cent compilation of SN Ia data, to-
., gether with the WMAP measure of
nof ‘ the temperature anisotropies of the
CMB, and the large-scale distribu-
N N tion of galaxies in the nearby Universe
(BAO).
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Q, If Q, = 0.7, what’s the value of A?

A =3Q, Hylc* =1.14x107"Mpc™ = 1.2 X 107*m™>



